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When confronted with quantum physics for the first time, we cannot fail to be amazed
by the amount of exotic behaviors it shows, which are totally at odds with our everyday
experience. The very existence of discrete energy spectra, superpositions of states, en-
tanglement, and nonlocality are common features of the quantum world that are totally
absent in its classical counterpart. In more than a century of progress, quantum physics
has paved the way to a radically new physical realm and led us to completely revise our
understanding of physical phenomena. It has allowed us to understand a large part of the
behavior of matter, fields, and the fundamental interactions between elementary particles.
We are now equipped with a powerful conceptual framework based upon a small number
of basic laws, which allow us to understand almost all the phenomena observed up to
now. While the interpretation of quantum physics is still a matter of debates, it is fair to
say that this framework has never been fundamentally challenged (at least up to now).
The formalism is so robust and its application range so wide that we have become used
to its strange behaviors and even ready for developing technological applications based
on them.

In a form of ironic reversal, the question as of today is not so much to be surprised by
quantum behaviors, but rather to ask why then we almost never observe superpositions
of states or entanglement at the macroscopic scale. For instance, why does the celebrated
Schrödinger cat still escape any observation? In other words, why does the macroscopic
world appear to be mostly classical while everything seems to indicate that its microscopic
behavior is fundamentally quantum? In particular, since almost any interaction between
two systems generally produces an entangled state and since the larger the system the
more interaction channels between its constitutive bodies, why do we not observe it at
the macroscopic scale? This question, which is still widely debated, is related to that of
decoherence, which we discuss in this chapter.

Understanding decoherence is of fundamental importance to understand the frontier
between the quantum and classical realms. In addition to its importance for the global
consistency of physics, this question crystallizes, as we shall see, in measurement theory:
Why is information arguably of quantum nature at the microscopic level but appears to us
only in a classical form when we interrogate a quantum system? Why do we not observe
quantum superpositions of macroscopic states of the meter when it measures microscopic
states most often constructed as quantum superpositions of states? Such states would
actually be equivalent to Schrödinger cats, which are essentially never observed. Finally,
decoherence and its control are fundamental aspects of the development of quantum tech-

1



nologies and for scaling up quantum devices. This encompasses a fundamental trade of
between opposite aspects, known as the qubit paradox : On the one hand, we would like
quantum devices to be as isolated as possible to preserve their quantum coherence as long
as possible. On the other hand, we need to manipulate them to perform well-determined
tasks and measure them to acquire information, which can only be done by coupling them
to macroscopic devices.

1 Suppression of coherences vs suppression of purity

The most basic difference between the classical and quantum worlds is the very existence
of quantum superpositions, which gives rise to interference effects in general and entangle-
ment in systems with several degrees of freedom. This can be illustrated by the difference
between the two states

|ψ⟩ = α |0⟩+ β |1⟩ and ρ̂′ =

[
|α|2 0
0 |β|2

]
, (1)

with α, β ∈ C such that |α|2 + |β|2 = 1. For both states, a measurement in the computa-
tional basis yields |0⟩ with probability |α|2 and |1⟩ with probability |β|2. These states are
nevertheless different as can be seen by performing a measurement in a different basis, for
instance {|+⟩ , |−⟩}: For the pure state |ψ⟩, the probability of obtaining either state is

P± = |⟨±|ψ⟩|2 = 1± (αβ∗ + α∗β)

2
. (2)

In contrast, for the mixed state ρ̂′, we find

P ′
± = Tr (ρ̂′ |±⟩ ⟨±|) = ⟨±| ρ̂′ |±⟩ = 1/2 , (3)

irrespective of the values of α and β. The interference term αβ∗+α∗β, which distinguishes
these two probabilities, is characteristic of a-well defined phase relationship between the
|0⟩ and |1⟩ states. The mixed state is rather classical in the sense that

P ′
± = P0 × P±|0 + P1 × P±|1 . (4)

In contrast, for the pure state, while the probabilities P0, P1, P±|0, and P±|1 are unchanged,
the above relation is not satisfied, which marks the quantum character of the coherent
superposition of states represented by the ket |ψ⟩. Writing the density matrix of the pure
state,

ρ̂ =

[
|α|2 αβ∗

α∗β |β|2
]
, (5)

explicitely shows that the very difference between the states ρ̂ and ρ̂′ lies in the nondiagonal
terms, i.e. the so-called coherences.
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In practice, we observe that quantum coherence is generally extremely difficult to
maintain and that very often a pure state is rapidely converted into a mixed state, by a
process such as

ρ̂ =

[
|α|2 αβ∗

α∗β |β|2
]

−−−−−−→
decoherence

ρ̂′ =

[
|α|2 0
0 |β|2

]
. (6)

Such a process is called decoherence. Hence, decoherence typically stabilizes classical
states and cancels the quantum coherences between these states. But a subtle question
then arises as to understand which states are classical and in what sense can they be quali-
fied as classical. In other words, what decides which states are stable against decoherence?
Indeed, the illustration of decoherence depicted above raises a severe problem because it
fundamentally representation dependent. For instance, in the orthonormal basis |a⟩ , |b⟩
with |a⟩ = α |0⟩+ β |1⟩ = |ψ⟩ and |b⟩ = −β∗ |0⟩+ α∗ |1⟩ ⊥ |ψ⟩, the same process reads as

ρ̂ =

[
1 0
0 0

]
−−−−−−→
decoherence

ρ̂′ =

[
|α|4 + |β|4 (|β|2 − |α|2)α∗β∗

(|β|2 − |α|2)αβ 2|αβ|2
]
. (7)

In this basis the nondiagonal terms grow (provided α ̸= 0, β ̸= 0, and |α| ≠ |β|).

To lift this representation ambiguity, one may rather use a representation-independent
quantity, such as the purity. In the case of a qubit as discussed here, it reads as

P = Tr(ρ̂2) = 1− 2 det(ρ̂) , (8)

and the decoherence process of Eqs. (6)-(7) reads as

P = 1 −−−−−−→
decoherence

P ′ = 1− 2|α|2|β|2 . (9)

Decoherence is then understood as a suppression of purity.

Since the purity can only change through the interaction of the system with its en-
vironment, quantum maps, quantum masters equations, and Lindblad formulas are the
natural frameworks to study decoherence. We shall come back to this point later.

2 Decoherence as information leakage from the sys-

tem to the environment

Decoherence, which we introduced completely heuristically in Sec. 1, is in fact naturally
understood as the direct consequence of the interaction of the system of interest with
its environment. To illustrate this, consider a qubit in the initial pure state |ψ⟩S =
α |0⟩ + β |1⟩, and the environment in a reference state |0⟩E. The initial reduced density
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matrix of the qubit is given by Eq. (5). The interaction between the qubit and the
environment then generally leads to an entangled state, which may be written as

|Ψ(t)⟩ = λ0(t) |0⟩S ⊗ |ξ0(t)⟩E + λ1(t) |1⟩S ⊗ |ξ1(t)⟩E , (10)

without loss of generality. Assume for simplicity a noninvasive coupling, i.e. the probabil-
ities of the computational basis states |0⟩ and |1⟩ are unchanged. Upon possible change
of the phases of the environment states |ξ0(t)⟩ and |ξ1(t)⟩, we may write

|Ψ(t)⟩ = α |0⟩S ⊗ |ξ0(t)⟩E + β |1⟩S ⊗ |ξ1(t)⟩E , (11)

where α and β are the initial coefficients of the qubit state and are thus independent of
time. The density matrix of the qubit is then found by tracing the density matrix of the
bipartite system,

ρ̂S⊗E =
(
α |0⟩ ⊗ |ξ0⟩+ β |1⟩ ⊗ |ξ1⟩

)(
α∗ ⟨0| ⊗ ⟨ξ0|+ β∗ ⟨1| ⊗ ⟨ξ1|

)
, (12)

over the degrees of freedom of E, which yields

ρ̂S = |α|2 |0⟩⟨0|+ αβ∗⟨ξ1 |ξ0⟩ |0⟩⟨1|+ α∗β⟨ξ0 |ξ1⟩ |1⟩⟨0|+ |β|2 |1⟩⟨1|

=

[
|α|2 αβ∗⟨ξ1 |ξ0⟩

α∗β⟨ξ0 |ξ1⟩ |β|2
]
, (13)

where the matrix is written in the computational basis. Since | ⟨ξ0|ξ1⟩ | = | ⟨ξ1|ξ0⟩ | ≤ 1,
we explicitly find that the coherences decrease upon coupling to the environment. In fact,
the only case where they do not decrease is when |⟨ξ0 |ξ1⟩ | = 1, i.e. when the states |ξ0⟩
and |ξ1⟩ are identical up to an irrelevant phase, |ξ1⟩ = eiθ |ξ0⟩. In other words, this means
that the state of the bipartite system S ⊗ E is then a product state,

|Ψ⟩ =
(
α |0⟩+ βeiθ |1⟩

)
S
⊗ |ξ0⟩E . (14)

In all other cases, we find a strict decrease of the coherences, i.e. decoherence. This is
confirmed by the behaviour of the purity, which is written, using Eq. (8),

P = 1− 2|α|2|β|2
(
1− |⟨ξ0 |ξ1⟩ |2

)
. (15)

Hence, the smaller |⟨ξ0 |ξ1⟩ |2, the stronger the suppression of purity (provided α ̸= 0 and
β ̸= 0). In other words, the more distinct the states of the environment, the stronger
qubit decoherence.

This decoherence effect is readily interpreted as a loss of information about the qubit
state to the benefit of the environment. To understand it, note first that, at the level of
the qubit, the decrease of the purity is equivalent to an increase of the entropy, i.e. a loss
of quantum information. Compute now the probability that the qubit is in the state |0⟩S
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Figure 1: Purity of the qubit state [blue,
Eq. (15)] and fidelity of the measurement by
environment [red, Eq. (16)] versus the quan-
tum overlap of the environment states. The
figure is plotted for |α|2 = 0.2 and |β|2 = 0.8.

conditional to the observation that the environment is in the state |ξ0⟩E. Using Bayes’
theorem, we find

PS:0|E:ξ0 =
PE:ξ0|S:0 × PS:0

PE:ξ0

=
|α|2

|α|2 + |β ⟨ξ0|ξ1⟩ |2
. (16)

As a cross-check, we may compute the probability that the qubit is in the state |1⟩S
conditional to the observation that the environment is in the state |ξ0⟩E. It reads as

PS:1|E:ξ0 =
PE:ξ0|S:1 × PS:1

PE:ξ0

=
|⟨ξ0 |ξ1⟩ |2 × |β|2

|α|2 + |β ⟨ξ0|ξ1⟩ |2
=

|β ⟨ξ0|ξ1⟩ |2

|α|2 + |β ⟨ξ0|ξ1⟩ |2
. (17)

We thus consistently find PS:0|E:ξ0 + PS:1|E:ξ0 = 1. Equation (16) shows that the fidelity
of the measurement of the qubit state via the environment state, PS:0|E:ξ0 , increases when
|⟨ξ0 |ξ1⟩ |2 decreases (again provided α ̸= 0 and β ̸= 0), i.e. when the purity decreases.
Figure 1 shows the opposite evolutions of the qubit state purity and of the measurement-
by-environment fidelity as a function of quantum overlap of environment states. For
instance, for |⟨ξ0 |ξ1⟩ |2 = 0, the decoherence in the computional basis is complete and
the environment has acquired full information about the final qubit state, i.e. reading
the state of E yields the state of S with the same probabilities. For |⟨ξ0 |ξ1⟩ |2 = 1, no
decoherence has occured at all in the computional basis, the state of the qubit is not
entangled with that of the environment, and the environment has acquired absolutely no
information about the qubit state, i.e. the state of the qubit is independent of that of the
environment, PS:0|E:ξ0 = PS:0 and PS:1|E:ξ0 = PS:1.

It is in this sense that the information on the qubit state is said to be leaked into the
environment. It is, however, worth noting that the initial and final pieces of information
are of a different nature. On the one hand, the information about the qubit state is of a
quantum nature, i.e. it describes completely the initially pure state of the qubit. On the
other hand, the information acquired by the environment is classical in nature as it only
describes the probabilities that the qubit is in one or the other of the states |0⟩ or |1⟩.
Moreover, information leakage into the environment is purely formal since, in practice,
we do not measure the state of the environment, which is most often inaccessible to us.

This conclusion is consistent with the interpretation of the Kraus operator-sum formal-
ism discussed previously. Considering the qubit as an open system (owing to its coupling
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to the environment), we found that the evolution of its state,

ˆρ(t) =
∑
α

M̂αρ̂(0)M̂
†
α , (18)

is strictly equivalent to an unread POVM. Hence, everything goes as if the environment
was performing a POVM of the qubit state. From our point of view, the result of the
measurement is unread because we (usually) have no access to the environment states.
Nevertheless, the environment does monitor the qubit states and acquires information
about its state. Should we be able to perform a measurement of the environment state,
we would have access to this information.

To complete this section, let us note that decoherence is in general very strong in
macroscopic systems. In many models, one finds

⟨ξ1 |ξ0⟩ ∼ e−t/τd (19)

where τd is the decoherence time. This time can be computed explicitly in some models.

3 Measurement as a decoherence process

One of the problems where decoherence is particularly meaningful is that of measurement.
As discussed in Chap. 5, for a complete PVM, the state is projected onto the eigenspace
of the observable corresponding to the measurement result. The density matrix averaged
over the measurement results or, equivalently, the density matrix of an unread measure-
ment, reads as

ρ̂′ =
∑
j

P̂j ρ̂ P̂j , (20)

where P̂j =
∑

ν

∣∣αν
j

〉〈
αν
j

∣∣ is the projector onto the eigenspace of Ô associated to the

measurement result Oj. The density matrices reduced to each eigenspace Ej(Ô) are
thus conserved, including the internal coherences. In contrast, all the mutual coherences
between different eigenspaces Ej(Ô) and Eℓ(Ô) with j ̸= ℓ are cancelled. Hence, a
complete PVM results is nothing but a complete decoherence in the measurement basis.

How does decoherence occur and how does the measuring device choose the basis
in which the coherences are suppressed? To understand this, let us apply the previous
ideas within a semi-heuristic model of the measurement process. In order to perform a
measurement of the state of the system of interest (S), the meter (M) must of course
interact with the system, so as to condition its own state to that of the system. Let us
call Û the evolution operator of the bipartite system S⊗M during the measurement time.
An ideal measuring device of the observable O performs the noninvasive operations∣∣αν

j

〉
S
⊗ |0⟩M

Û−−→
∣∣αν

j

〉
S
⊗ |χj⟩M , (21)
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i.e. any eigenstate of the observable is unaffected while the meter state goes from its
reference state |0⟩M to a state conditioned to the measurement result, |χj⟩M . Note that
the meter state |χj⟩M does not depend on the degeneracy index ν since, by hypothesis, it
does not distinguish the different eigenstates

∣∣αν
j

〉
corresponding to the same measurement

result Oj. The evolution operator being unitary in the bipartite Hilbert space ES⊗M , we

can always define a unitary operator V̂j acting on the Hilbert space of the meter EM such

that |χj⟩M = V̂j |0⟩M . Note that we have actually not said more than the fact that the
state of the meter is normalized, | |χj⟩ |2 = 1 since we are only interested in the action of

V̂j on the reference state |0⟩M . The evolution operator being linear, we obtain that, for
any state of the system, the interaction performs the operation

∑
j,ν

cj,ν
∣∣αν

j

〉
S
⊗ |0⟩M

Û−−→
∑
j

(∑
ν

cj,ν
∣∣αν

j

〉
S

)
⊗ |χj⟩M . (22)

Such an operation is realized by the operator

Û =
∑
j

P̂(S)
j ⊗ V̂

(M)
j . (23)

One can easily check that this operator is unitary using P̂jP̂ℓ = δj,ℓP̂j. This opera-
tion generates an entangled state between S and M so that S (as well as M) looses its
individuality. In other words, the local realities of S and M are lost.

At this stage, we have obtained that the bipartite system S ⊗M is in the pure state

|Ψ′⟩ =
∑
j

(
P̂(S)

j |ψ⟩S
)
⊗ |χj⟩M (24)

after the interaction between S and M . In order to yield a complete classical information
about the system state in the measurement basis, it is additionally necessary that the
meter states |χj⟩ are mutally orthornormal,

⟨χj |χℓ⟩ = ⟨0| V̂ †
j V̂ℓ |0⟩ = δj,ℓ . (25)

This can be checked by noting that the measurement is completed when the observer
looks at the result on M : According to the measurement postulate, this is realized by the
projection operator P̂(M)

j = |χj⟩ ⟨χj|. The result j is obtained with probability

P
(M)
j =

∣∣∣M⟨χj|
∑
ℓ

(
P̂(S)

ℓ |ψ⟩S
)
⊗ |χℓ⟩M

∣∣∣2 = ∣∣∣∑
ℓ

⟨χj |χℓ⟩
(
P̂(S)

ℓ |ψ⟩S
) ∣∣∣2. (26)

Now, a good measurement aparatus must fulfill the relation P
(M)
j = P

(S)
j = |P̂(S)

j |ψ⟩S |2,
which implies ⟨χj|χℓ⟩ = δj,ℓ.
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Yet, before the observation is realized, this approach predicts that the states of the
system S and of the meterM are entangled. This may be seen in the pure-state picture of

Eq. (24), which is a coherent superposition of states
(
P̂(S)

j |ψ⟩S
)
⊗|χj⟩M and

(
P̂(S)

ℓ |ψ⟩S
)
⊗

|χℓ⟩M with j ̸= ℓ. It can be equally seen in the density-matrix picture of the same state,

ρ̂′S⊗M =
∑
j,ℓ

(
P̂(S)

ℓ |ψ⟩⟨ψ| P̂j

)
S
⊗
(
|χℓ⟩⟨χj|

)
M
, (27)

which contains block coherence terms between j and ℓ subspaces with j ̸= ℓ. In principle,
one would then be able to observe such coherences using a measurement on ES⊗M . We
would thus end up in a situation similar to the Schrödinger cat where the state of a
macroscopic system (here M) is entangled with that of a microscopic system (here S).
Such a state is morally difficult to accept because it leads to paradoxical situations.
Assume for instance that the result of the measurement is not directly observed on the
quadrant of the measuring device but via a video camera. How can we imagine that
the state of the meter is projected onto one or the other of the states |χj⟩ only if the
experimenter observes the screen of the camera while the experimenter does not directly
interact with the meter? What if the observer is blind? His eyes interact in the same way
with the camera or directly with the meter, but his brain does not receive any information
about the measurement result. How can we imagine that the state of the system and of
the meter is entangled or not depending on whether the observer is aware or not of the
result of the measurement?

Although these considerations are rather philosophical in nature and one can debate
the necessity of including the impact of the observer’s consciousness on the measurement
process, one can more easily imagine that it is the very interaction between the meter
and the measured system that leads to decoherence, independently of whether someone
knows the result of the measurement or not. We thus expect that the interaction between
the system S and the meter M yields a mixed state of S ⊗M of the form

ρ̂′S⊗M =
∑
j

(
P̂(S)

j |ψ⟩⟨ψ| P̂j

)
S
⊗
(
|χj⟩⟨χj|

)
M
. (28)

This is nothing but Eq. (27) restricted to the block diagonal terms. But how does this
occur?

To understand this, we actually do not need the observer himself. We may note
that the meter being a macroscopic system, it necessarily interacts very strongly with its
environment, which we will denote E. We thus have to substitute the meter state by
a coupled meter-environment state. In the measurement basis, the interaction process
between S and M ⊗ E thus reads as∣∣αν

j

〉
S
⊗ |0⟩M ⊗ |0⟩E

Û−−→
∣∣αν

j

〉
S
⊗ |χj⟩M ⊗

∣∣ξνj 〉E , (29)

where
∣∣ξνj 〉E is a state of the environment, which we do not specify. Note that the initial

system state is taken pure and that the meter state is, by hypothesis, the reference state,
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which is also pure. If we take the whole rest of the Universe as the environment, we can
thus write its state as a pure state |0⟩E. The form obtained after the interaction, Eq. (29),
is justified by the fact that the interaction is noninvasive: The system state is unchanged
in the measurement basis and, correspondingly, the meter ends up in the well-defined
state |χj⟩M , so that it can provide a reliable measurement of the system state as required
by a good measuring device. It follows that the environment ends up in a pure state
that depends on the measurement index j but a priori also on the degeneracy index ν.
Since they correspond to observation results of a PVM, the meter states remain mutually
orthonormal, ⟨χj |χℓ⟩ = δj,ℓ. Now, the interaction between S, M , and E being linear, it
realizes the operation(∑

j,ν

cj,ν
∣∣αν

j

〉)
S

⊗ |0⟩M ⊗ |0⟩E
Û−−→

∑
j,ν

cj,ν
∣∣αν

j

〉
S
⊗ |χj⟩M ⊗

∣∣ξνj 〉E (30)

for any system state |ψ⟩S =
∑

j,ν cj,ν
∣∣αν

j

〉
S
. The observation of the measurement result is

then carried out on the meter, independently of the environment. One can thus trace out
the environment states and use the density matrix of the system S⊗M . Note that we do
not trace out also the system states because, although the observation is also performed
independently of the system S, we are interested in its action on the state of S. We find

ρ̂′S⊗M = TrE

[ ∑
j,ν,ℓ,µ

cj,νc
∗
ℓ,µ

(∣∣αν
j

〉〈
αµ
ℓ

∣∣)
S
⊗ (|χj⟩⟨χℓ|)M ⊗

(∣∣ξνj 〉〈ξµℓ ∣∣)E
]

=
∑
j,ν,ℓ,µ

⟨ξµℓ
∣∣ξνj 〉× cj,νc

∗
ℓ,µ ×

(∣∣αν
j

〉〈
αµ
ℓ

∣∣)
S
⊗ (|χj⟩⟨χℓ|)M . (31)

If we now observe the result on M and find the outcome |χj⟩, the density matrix of the
system S becomes

ρ̂′′S|j ∝ TrM

[
P̂(M)

j ρ̂′S⊗M P̂(M)
j

]
=
∑
ν,µ

⟨ξµj
∣∣ξνj 〉× cj,νc

∗
j,µ ×

(∣∣αν
j

〉〈
αµ
ℓ

∣∣)
S
. (32)

But, according to the measurement postulate, this same density matrix must read as

ρ̂′′S|j ∝ P̂(S)
j |ψ⟩⟨ψ| P̂(S)

j =
∑
ν,µ

cj,νc
∗
j,µ

∣∣αν
j

〉〈
αµ
j

∣∣ (33)

whatever the initial system state, i.e. whatever the coefficients cj,ν . It follows that we
necessarily have ⟨ξνj

∣∣ξµj 〉 = 1 and the environment states cannot depend on the degeneracy
index ν.

Coming back to the density matrix of the system S ⊗M before the observation of the
measurement result, Eq. (31), we thus find

ρ̂′S⊗M =
∑
j,ℓ

⟨ξℓ |ξj⟩ ×
(
P̂j |ψ⟩⟨ψ| P̂ℓ

)
S
⊗
(
|χj⟩⟨χℓ|

)
M
. (34)
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We thus find that the population blocks, corresponding to the terms with ℓ = j, are
conserved while the coherence blocks, corresponding to the terms with ℓ ̸= j, are sup-
pressed since |⟨ξℓ |ξj⟩ |2 ≤ 1. In order to understand the full decoherence process, we are
thus lead to admit that the observable states of the meter |χj⟩ are coupled to orthogonal
states of the environment so that ⟨ξℓ |ξj⟩ = 0. The very existence of such states |χj⟩ is
highly nontrivial. They are indeed states of a macroscopic object (here the meter) which
do not get further entangled with the environment, i.e. its components in some basis do
not entangle with different states of the environment. As discussed previously, in general
the interaction between two systems leads to an entangled state and thus to a decoher-
ence phenomenon on each of the systems. Here on the contrary the observable states of
the meter appear to be protected against decoherence. Such states are known as pointer
states.

4 Pointer states: A case study

Finding the pointer states of a given model is usually a very difficult task, which has been
successfully achieved exactly only for a limited number of models. A general approach
is to study the time evolution of a large set of pure states and select those that remain
pure states or, most often, those which get less entangled with the environment. This
method is called the predictability sieve. In practice, a popular method consists in solving
the Lindblad equation (most often numerically) for your favorite model and a variety of
initial pure states. One then studies the time evolution of the purity P = Tr(ρ̂2), the
von Neumann entropy S1 or any another Rényi entropy Sn, and post-selects the states
for which these quantities do not evolve or evolve the least.

A special case where one can explicitly determine the pointer states is the damped
harmonic oscillator, already discussed in lecture 6. Assuming that the bath is in its ground
state, one can use a quantum channel with only one jump operator, L̂− =

√
Γĉ, and the

Lindblad equation then reads as

dρ̂

dt
= L

[
ρ̂(t)

]
≡ −i

[
ωĉ†ĉ, ρ̂

]
+ Γ

(
ĉρ̂ĉ† − 1

2
ρ̂ĉ†ĉ− 1

2
ĉ†ĉρ̂

)
, (35)

where ĉ is the lowering ladder operator of the harmonic oscillator, with commutation
relation [ĉ, ĉ†] = 1.

Coherent states are pointer states of the damped harmonic oscillator
To guess the pointer states, it is fruitful to use an approach reminiscent of the stochastic

approach discussed in lecture 8. The dynamics described by the Lindblad equation (35)
is equivalent, for the initial system-environment product state |Ψ(t)⟩SE = |ψ(t)⟩S ⊗ |0⟩E
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and an elementary time step, to

|Ψ(t+∆t)⟩SE ≃
[
1− i

(
ω − i

Γ

2

)
ĉ†ĉ∆t

]
|ψ(t)⟩S ⊗ |0⟩E +

√
Γ∆t ĉ |ψ(t)⟩S ⊗ |1⟩E . (36)

The two system states are those that appear in the stochastic approach. The first
one describes the evolution of the system state by the effective Hamiltonian, which is
associated to the absence of a jump between the times t and t + ∆t. The second one
describes the evolution of the system state induced by a quantum jump. Here both
processes are grouped together but any mutual coherence at the level of the system is
canceled because they are coupled to orthogonal states of the (possibly fictitious) bath.
Let us now examine the conditions for this state to remain a product state.

On the one hand, at the order of
√
∆t in time, it is necessary that ĉ |ψ(t)⟩S is collinear

with |ψ(t)⟩S since the effective-bath states |0⟩E and |1⟩E are orthogonal. This implies that
there exists α(t) ∈ C such that ĉ |ψ(t)⟩S = α(t) |ψ(t)⟩S, i.e. |ψ(t)⟩S is a coherent state.
On the other hand, the evolution in the absence of a jump, |ψ0(t)⟩S = E⟨0 |Ψ(t)⟩SE, reads
as

|ψ0(t+∆)⟩S ≃
[
1− i

(
ω − i

Γ

2

)
ĉ†ĉ∆t

]
|ψ(t)⟩S ≃ e−i(ω−iΓ/2) ĉ†ĉ∆t |ψ(t)⟩S . (37)

It is nothing but the free evolution for a harmonic oscillator with a complex-valued angular
frequency, ω̃ = ω− iΓ/2. Since a coherent state evolves under the action of the harmonic
Hamiltonian into a coherent state of parameter α(t) = α(0) exp(−iω̃t), the condition for
the bipartite state to remain a product state after a jump is preserved. Note, however,
that the coherent state changes in time since the parameter α(t) is time dependent.

These considerations allow us to intuit that a coherent state,

|α⟩ = e−|α|2/2
∑
n∈N

αn

√
n!

|n⟩ , (38)

evolves into a coherent state and does not get entangled with the environment, hence
corresponding to the quantum map

|α⟩S ⊗ |0⟩E −→ |α(t)⟩S ⊗ |ξ(t)⟩E with α(t) = αe−i(ω−iΓ/2)t . (39)

This can be explicitely checked by showing that the density matrix

ρ̂(t) = |α(t)⟩⟨α(t)| (40)

is an exact solution of the Lindblad equation. To do so, write

d |α⟩
dt

= −1

2

d|α|2

dt
|α⟩+ e−|α|2/2dα

dt

∑
n∈N∗

nαn−1

√
n!

|n⟩

= +
Γ

2
|α|2 |α⟩ − i(ω − iΓ/2)ĉ†ĉ |α⟩ . (41)
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Figure 2: Dynamics of
a coherent state in a
damped harmonic os-
cillator. (a) Phase-
space representation.
(b) Real-space repre-
sentation. Here the
initial state is sup-
posed to be α0 ∈ R+.

Writing the Hermitian conjugate, this is equivalent to

d ⟨α|
dt

= +
Γ

2
|α|2 ⟨α|+ i(ω + iΓ/2) ⟨α| ĉ†ĉ .

We then find

d |α⟩⟨α|
dt

= −iωĉ†ĉ |α⟩⟨α|+ iω |α⟩⟨α| ĉ†ĉ+ Γ|α|2 |α⟩⟨α| − Γ

2
ĉ†ĉ |α⟩⟨α| − Γ

2
|α⟩⟨α| ĉ†ĉ . (42)

Using the identity |α|2 |α⟩⟨α| = α |α⟩⟨α|α∗ = ĉ |α⟩⟨α| ĉ†, this is nothing but the Lindblad
equation (35) applied to ρ̂(t) = |α(t)⟩⟨α(t)|.

This shows that the nonentangling dynamics intuited in Eq. (39) is exact. Hence a
coherent state is protected against decoherence, at least in this model. This is consistent
with the idea that coherent states are the quantum states closest to classical states. Note,
however, that this does not mean that a coherent state is unaffected by the environment.
Indeed, the coupling between the harmonic oscillator and the bath induces an exponential
relaxation of the normal variable α(t) and, physically, of the oscillations. More precisely,
we recall that the dimensionless position and momentum read as

⟨X(t)⟩ = ⟨α(t)| ĉ+ ĉ†√
2

|α(t)⟩ =
√
2|α|e−Γt/2 cos(φ− ωt) with ∆X =

1√
2
, (43)

and

⟨P (t)⟩ = ⟨α(t)| ĉ− ĉ†

i
√
2

|α(t)⟩ =
√
2|α|e−Γt/2 sin(φ− ωt) with ∆P =

1√
2
, (44)

where we wrote α(0) = αeiφ. This dynamics is thus that of a damped quasi-classical
harmonic oscillator. It may be represented in phase space as a clockwise rotating spiral
with rotation frequency ω and decay rate Γ/2, see Fig. 2(a). This is equivalent to damped
oscillations of a Gaussian wave packet with a constant width, ∆X = 1√

2
, and centered on

⟨X(t)⟩, see Fig. 2(b). The typical damping time is given by τdecay = 1/Γ.
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Quantum superpositions of coherent states are not pointer states
In contrast, a superposition of pointer states is in general not a pointer state. Let us

consider for example the initial cat state

|ψ(0)⟩ = |α+(0)⟩+ |α−(0)⟩√
2
[
1 +Re(⟨α+(0)|α−(0)⟩)

] , (45)

where |α+(0)⟩ and |α−(0)⟩ are two coherent states. For |α±| ≫ 1 and |α+ − α−| ≫ 1,
it is a Schrödinger cat state, i.e. a superposition of distinct macroscopic states. The
correction to the normalization factor is unimportant here because, on the one hand,
|⟨α+ |α−⟩ | = exp(−|α+ − α−|2/2) ≪ 1 and, on the other hand, because the Lindblad
equation preserves the trace, i.e. the normalization. We can thus use the (unnormalized)
initial density matrix

ρ̃(0) =
1

2

[
|α+(0)⟩⟨α+(0)|+ |α−(0)⟩⟨α−(0)|+ |α+(0)⟩⟨α−(0)|+ |α−(0)⟩⟨α+(0)|

]
. (46)

The states |α+⟩ and |α−⟩ being quasi-orthogonal (for |α+ − α−| ≪ 1), the first two
terms can be interpreted as ”populations” and the last two as ”coherences” in the quasi-
basis made of the states |α±⟩. The Lindblad equation being linear, each term evolves
independently of the others. From the above, the population terms evolve as

|α±(0)⟩⟨α±(0)| −→ |α±(t)⟩⟨α±(t)| with α±(t) = α±(0)e
−Γt/2e−iωt , (47)

since each coherent state is a solution of the Lindblad equation. In contrast, the coherence
terms |α+(t)⟩⟨α−(t)| and |α−(t)⟩⟨α+(t)| are not solutions of the Lindblad equation. In fact,
we find

d |α+⟩⟨α−|
dt

= L
(
|α+⟩⟨α−|

)
+

Γ

2

(
|α+|2 + |α−|2 − 2α+α

∗
−
)
|α+⟩⟨α−| , (48)

where L is the Lindbladian defined at Eq. (35). It follows that the solution of the Lindblad
equation for this coherence term is

|α+(0)⟩⟨α−(0)| −→ e−Φ(t) |α+(t)⟩⟨α−(t)| (49)

with

Φ(t) =
1

2

[
|α+(0)|2 + |α−(0)|2 − 2α+(0)α

∗
−(0)

] (
1− e−Γt

)
. (50)

In the case where α+(0) = −α−(0) = α0 ∈ R+, we find Φ(t) = 2α2
0

(
1− e−Γt

)
.

The complete solution of the Lindblad equation with a quantum superposition of
coherent states as an initial state, Eq. (46), is thus

ρ̃(t) =
1

2

[
|+α(t)⟩⟨+α(t)|+ |−α(t)⟩⟨−α(t)|+ e−Φ(t)

(
|+α(t)⟩⟨−α(t)|+ |−α(t)⟩⟨+α(t)|

)]
.

(51)
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Figure 3: Dynamics of a cat state of the form
of Eq. (45) with α+(0) = −α−(0) = α0 ∈ R+

in phase-space representation. It is charac-
terized by three different time scales: (i) the
decoherence time τdecoh, which governs the
suppression of the coherence terms; (ii) the
decay time τdecay, which governs the decay
of the ampitude of the two coherent states
|+α⟩ and |−α⟩; (iii) the merge time τmerge,
which governs the merging of the two coher-
ent states.

This dynamics is characterized by three different time scales,

τdecoh ≪ τdecay < τmerge . (52)

First, the population terms decay towards the ground state |0⟩⟨0| in a typical time τdecay =
1/Γ, as discussed above in the case of a single coherent state. This describes the time
after which each coherent state separates from its free evolution, i.e. in the absence of
coupling to the bath. This decay is not a serious issue as long as the two coherent states
are well separated. Second, the two coherent states actually only merge later, in a typical
time such that |α+(t) − α−(t)| ≃ 1. In the case α+(0) = −α−(0) = α0 ∈ R+, it yields
τmerge = ln(2α0)/Γ. This time is larger than τdecay for α0 ≫ 1. In general it is, however,
of the same order of magnitude, except when α0 is a really large number. For instance,
to get a difference of an order of magnitude, τmerge/τdecay ≃ 10, we need α0 ≃ e10/2 ∼ 104,
corresponding to an initial average excitation number ⟨n⟩0 = α2

0 ∼ 108. Third, the
coherence terms decrease much faster. Their amplitude

∣∣e−Φ(t)
∣∣ = e−Re[Φ(t)] are found

using Eq. (50), which yields

∣∣e−Φ(t)
∣∣ = exp

[
−|α+(0)− α−(0)|2

2

(
1− e−Γt

)]
. (53)

At short times, we find Φ(t) = 2α2
0Γt, and the amplitude of the coherence terms decays

exponentially. In the infinite time limit, t≫ 1/Γ, it saturates to
∣∣e−Φ(∞)

∣∣ = exp (−2α2
0) ≪

1. The coherence terms become negligible compared to the population terms in the small
time regime, t ≪ 1/Γ, and their characteristic decay time is given by 2α2

0Γτdecoh = 1,
which yields τdecoh = 1/2α2

0Γ ≪ 1/Γ.
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