
Master QLMN-LOM Laurent Sanchez-Palencia
Physics of Quantum Information Antoine Browaeys

Homework 5 : Entanglement and open quantum systems
Due November 18th 2022

Note : do not hesitate to send an email if you believe there is a mistake in the text.

1 Reservoir in thermal equilibrium

We have seen in the lecture that the correlation function of an initially empty re-
servoir is g(τ) = 〈R(t)R(t − τ)〉 =

∑
λ |gλ|2e−iωλτ (same notations as in the lecture).

Assume now that the reservoir is in thermal equilibrium at a temperature T , described
by a density operator

ρeq
R =

e−HR/kBT

Tr[e−HR/kBT ]
.

1. Show that 〈aλ〉 = 〈a+
λ 〉 = 0 and that 〈a+

λ aλ〉 = nλ = 1/(exp[~ωλ/kBT ]− 1).

2. What should be the temperature of the reservoir for nλ to be non negligible for
an optical transition and a microwave transition around 10 GHz.

3. Calculate g(τ) for this thermal reservoir as a function of nλ. Does it change
anything in the argument saying that g(τ) is a peaked function ?

2 Quantum channels

We describe here two processes by which a qubit can lose its coherence. These pro-
cesses are called quantum channels.

2.1 Spin flips

We assume that the qubit (system S) is coupled to a reservoir R. The hamiltonian
describing the closed S−R system leads to a unitary evolution USR. Initially, the S−R
state is |ψ(0)〉 = |ψS〉 ⊗ |χ0〉 with |χ0〉 the state of the reservoir.

1. We assume that the system has a probability p/3 to undergo a spin flip around
the x, y and z axis, corresponding to the action of σx,y,z. Each flip leads to a
jump of the state of the reservoir to |χx,y,z〉. What is the state USR |ψ(0)〉 after
the flips as a function of p.

2. Give the corresponding Kraus operators.

3. Use the quantum map to calculate the density matrix ρ′ of the qubit after the
flips.

4. Write the matrix representation of ρ′.
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2.2 Dephasing

We now suppose that the qubit can only undergo a phase flip (action of σz) with a
probability p. The state of the reservoir following this is |χz〉.

1. Starting from the same state as before, |ψ(0)〉 = |ψS〉 ⊗ |χ0〉, what is the state of
the S −R system after the flip as a function of p ?

2. Give the corresponding Kraus operators.

3. Write the density matrix corresponding to the quantum map.

4. What is the effect of the dephasing if p = 1/2 ?

5. To understand this, take |ψS〉 = α |0〉+β |1〉 and write the state |ψSR〉 for p = 1/2
in the form |ψSR〉 = α |0〉 |φ0〉+β |1〉 |φ1〉. Show that |φ0〉 and |φ1〉 are orthogonal,
and explain then the loss of coherences.

3 Dephasing of a qubit

We take a qubit |ψ〉 = α0 |0〉+ β0 |1〉, with |0〉 having an energy ~ω(t)/2 and |1〉 an
energy −~ω(t)/2. This frequency varies as a function of time due to fluctuations of the
environment.

1. Propose a situation involving a fluctuating magnetic field where the scenario
applies.

2. Show that the free evolution of the qubit leads to α(t) = α0e
−iΦ/2 and β(t) =

β0e
iΦ/2, with Φ =

∫ t
0 ω(t′) dt′.

3. We now assume that ω(t) varies randomly every time step j of duration τ by an
amount δωj , around a mean value ω0. Justify that the population in the density
matrix are unchanged.

4. The coherence ρ01 = 〈αβ∗〉 corresponds to the average over different trajectories.
Show that ρ01(t) = α0β

∗
0 e
−iω0t〈e−iδω1τe−iδω2τe−iδω3τ ...〉 = (〈e−iδωτ 〉)n, where

n = t/τ is the number of time steps from 0 to t.

5. We now assume that the normalized distribution of δω is gaussian : p(δω) =
1√

2π∆ω
exp[− δω2

2∆ω2 ]. Use the integral∫ ∞
−∞

e−u
2σ2

eiux du =

√
π

σ
e−

x2

4σ2 .

to show that ρ01(t) = α0β
∗
0 e
−iω0te−t/T2 . Give the expression of T2 as a function

of ∆ω and τ .

6. Write the Bloch equations, i.e. the differential equations satisfied by ρ00, ρ11, ρ01

and ρ10 when only dephasing is present (the states |0〉 , |1〉 have infinite lifetime).

7. We want to recover this equations using the Lindblad formalism. Justify that the
jump operator associated to dephasing is L =

√
γσz.

8. Derive the Bloch equations from the Lindblad form. Take for the hamiltonian of
the qubit H = ~ω0

2 σz. What is the link between γ and T2 ?
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phase. We use these modes here. Excitation of the centre-of-mass
mode still affects the experiment, as the motion in spectator modes
modifies the coupling strength to the mode of interest14,15. For this
reason, we initially cool both the centre-of-mass and stretch modes
to near their ground state.

The experiment was performed using 9Be+ ions confined in a
miniature linear radio-frequency trap18, with the N ions lying in a
line along the trap’s weak axis. Two spectrally resolved ground-state
hyperfine levels comprise the effective spin-half system, with
j! " ! jF ! 2; mF ! ! 2" and j# " ! jF ! 1; mF ! ! 1", where F is
the total angular momentum quantum number, and !mF is the
projection of the angular momentum along the quantization axis
defined by an externally applied magnetic field. The hyperfine
splitting q0/2p is approximately 1.25 GHz. Coherent coupling
between |!" and |#" is provided by stimulated Raman transitions.
The two Raman laser beams have a wavelength of 313 nm with a
difference frequency near q0, and are perpendicular, with their
difference wave-vector lying along the line of ions. They are detuned
!80 GHz blue of the 2P1/2 excited state, with intensities giving
!=2p " 500 kHz. For both the two- and four-ion experiments, the
desired stretch-mode frequency n/2p was 8.8 MHz, giving
h ! 0:23=N1=2. The two driving frequencies required for the entan-
glement operation are generated by frequency-modulating one of
the Raman beams using an electro-optic modulator.

After the entanglement operation, the ions are probed by illumi-
nating them with a circularly polarized laser beam tuned to the
2S1=2"F ! 2; mF ! ! 2# $ 2P3=2"F ! 3; mF ! ! 3# cycling transi-
tion. Each ion in |!" fluoresces brightly, leading to the detection of
!15 photons per ion on a photomultiplier tube during a 200-"s
detection period. In contrast, an ion in |#" remains nearly dark.
Because the number of photons detected from a spin-down ion
fluctuates according to Poisson statistics, in a single experiment the
number of spin-down ions can be determined with only a limited
accuracy. For the data reported, each experiment was repeated 1,000
times under the same conditions, and the resulting photon–
number distribution fitted to a sum of poissonians to determine
the probabilities Pj for j ions to be in |!". The results are given in
Table 1, and show that in both cases, the probabilities for all N ions
to be in the same state are large compared to the probabilities for the
other cases. This is characteristic of the states |wN", although the fact

that the middle probabilities are non-zero indicates that we do not
generate the entangled states with perfect accuracy.

In order to prove that we are generating a reasonable approxima-
tion to |wN", it is necessary to prove that the populations of |#…#"
and |!…!" are coherent. In terms of the density matrix for the
system, r, we must measure the far off-diagonal element r#…#,!…!,
whose amplitude will be abbreviated r(#!). This can be achieved by
applying a simple analysis pulse to the ions before observing them.
If the Raman difference frequency is set to q0 (and the frequency
modulator turned off), each ion i undergoes ordinary Rabi oscilla-
tions, evolving according to the hamiltonian

Hi !
!!

2
"eifj# "i% !ji $ e ! ifj! "i% #ji# "4#

where f is the phase of the difference frequency relative to that of
the entanglement pulse. This hamiltonian is applied for time p/2!
(a p/2 pulse), and the parity

" ! #
N

j!0

" ! 1#jPj "5#

is observed while f is varied. As seen in Fig. 2, for N ions " oscillates
as cos Nf, and the amplitude of this oscillation is in fact 2r(#!) (ref.
2). The resulting values are given in Table 1. From the data shown in
the table, our state preparation fidelity

F ! %wN jrjwN " !
1
2

"P"## $ P"!## $ r"#!# "6#

can be determined, where P(#) is the population of |#…#" and P(!) is
the population of |!…!". For N ! 2 we achieve F ! 0:83 # 0:01,
while for N ! 4, F ! 0:57 # 0:02.
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Figure 2 Determination of r(#!). a, Interference signal for two ions; b, four ions. After the
entanglement operation of Fig. 1, an analysis pulse with relative phase f is applied on the
single-ion j ! " $ j # " transition. As f is varied, the parity of the N ions oscillates as

cos Nf, and the amplitude of the oscillation is twice the magnitude of the density-matrix
element r(#!). Each data point represents an average of 1,000 experiments, corresponding
to a total integration time of roughly 10 s for each graph.

Table 1 Characterization of two-ion and four-ion states

N P0 P1 P2 P3 P4 r(#!)
.............................................................................................................................................................................
2 0.43 0.11 0.46 – – 0.385
4 0.35 0.10 0.10 0.10 0.35 0.215
.............................................................................................................................................................................
N is the number of ions, Pj denotes the probability that j ions were measured to be in |!", and r(#!)
denotes the amplitude of the density matrix element r#…#,!…!. Uncertainties in r(#!) and the N ! 2
populations are #0.01, and uncertainties in the N ! 4 populations are #0.02.

© 2000 Macmillan Magazines Ltd

Figure 1 – Parity signal Π(φ) as a function of the phase φ following a rotation R on
the two ions at the same time. From [Nature 404, 256 (2000)].

4 Parity measurement and fidelity

We analyze here an experiment performed in 2000 [Nature 404, 256 (2000)] in the
group of D.J. Wineland where the researchers prepared and characterized an entangled
state between 2 ions. We look here only at the characterization of the entanglement. They
used 9Be+ and two internal state |0〉 and |1〉 separated by a transition at a frequency
ω0 = 2π × 1.25 GHz. The two qubit states can be coupled by laser beams and the
resulting rotation on the qubit state is described by the unitary matrix

R(φ) =
1√
2

(
1 ieiφ

ie−iφ 1

)
|0〉,|1〉

, (1)

for a π/2 pulse. The phase φ of the lasers can be controlled. The authors wanted to
prepare the state |ψ+〉 = (|00〉+ |11〉)/

√
2. The experiment actually prepared a density

matrix ρexp.

1. Explain briefly where the matrix R(φ) comes from.

2. To assess the quality of the state preparation, they measured the fidelity F =
〈ψ+| ρexp |ψ+〉. Show that

F =
1

2
(P00 + P11) + ρ00,11 , (2)

with P00 = ρ00,00 = 〈00| ρ |00〉 , P11 = ρ11,11 = 〈11| ρ |11〉, and ρ00,11 = 〈00| ρ |11〉
(which we assume to be real for simplicity).

3. The experimentalists could decide if the state of the ions was |0〉 or |1〉. How
could they then measure the probabilities P00 and P11 by repeating many times
the experiment ? They found P00 = 0.43 and P11 = 0.46.

4. To measure the coherence ρ00,11, they applied the rotationR(φ) on the two ions A
and B at the same time before measuring their state. After this rotation of angle
φ, they measured the four probabilities P00(φ), P01(φ), P10(φ), P11(φ). Explain
briefly why the probabilities are

P00(φ) = 〈00|R−1
A (φ)⊗R−1

B (φ) ρ RA(φ)⊗RB(φ) |00〉 , (3)

P01(φ) = 〈01|R−1
A (φ)⊗R−1

B (φ) ρ RA(φ)⊗RB(φ) |01〉 , (4)

P10(φ) = 〈10|R−1
A (φ)⊗R−1

B (φ) ρ RA(φ)⊗RB(φ) |10〉 , (5)

P11(φ) = 〈11|R−1
A (φ)⊗R−1

B (φ) ρ RA(φ)⊗RB(φ) |11〉 . (6)
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5. From the probabilities, they calculated the parity signal Π(φ) = P00(φ)+P11(φ)−
P01(φ)−P10(φ). A tedious calculation yields Π(φ) = A+ 2ρ00,11 cos(2φ). Explain
briefly how you would do the calculation : calculate for example P01(φ) +P10(φ).

6. The measured oscillation is shown in Fig. 1. Extract ρ00,11 from it.

7. What is the fidelity of the prepared state then ?

8. We now show that a fidelity F > 1/2 implies that the state prepared in the expe-
riment is entangled. Suppose first that the experiment produces a pure separable
state of the two ions (a |0〉+b |1〉)⊗ (c |0〉+d |1〉), with |a|2 + |b|2 = |c|2 + |d|2 = 1.
Show that F = |ac+ bd|2/2.

9. Use |a|2 + |b|2 = |c|2 + |d|2 = 1, and write that |a|2 + |c|2 = (|a| − |c|)2 + 2|ac|
(similary for |b|2 + |d|2) to show that |ac|+ |bd| ≤ 1.

10. Conclude that F ≤ 1/2 for a separable state and therefore F > 1/2 implies
entangled.

11. Suppose now that the two-ion state is described by a mixed separable state
ρ =

∑
k pkρk (

∑
k pk = 1), with ρk density matrices of pure separable states.

Show that the fidelity F =
∑

k pk 〈ψ+| ρk |ψ+〉 and that F ≤ 1/2. Hence for if
F > 1/2, the mixed state is not separable, i.e. entangled.
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