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Quantum Entanglement

Superposition states and entanglement

Most intriguing features of the quantum  realm

Importance of entanglement

Known since the earliest times of the quantum theory (~1925), mostly as a curiosity

Entanglement is resource (quantum technologies, eg communications)

Superpositions have counterparts in classical physics (waves, interferences)

Entanglement have no classical counterpart → Correlations that are stronger than any classical effect

Relevant to many physical phenomena (eg condensed matter physics)

→ Elementary introduction to quantum entanglement
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Outlook

1. Entanglement in a nutshell

1.1 Separable versus entangled states

1.2 Ubiquity of entanglement

1.3 Fragility of entanglement

2. Quantum correlations and Bell inequalities

2.1 The Einstein, Podolsky, and Rosen argument

2.2 Bell inequalities

2.3 Experimental decision

2.4 Foundamental implications of entanglement

3. An application : Quantum teleportation

3.1 The quantum teleportation protocol

3.2 Experimental demonstrations

4. Towards quantifying entanglement : The Schmidt decomposition

Homework at the 
end of the lecture 
notes ; Due Oct. 7
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Entanglement Ubiquity

Stern and Gerlach experiment : Entanglement of two degrees of freedom of a single system

Semi-classical dynamics

→ Entanglement induced by the fact that the magnetic field has an effect on the semiclassical trajectory that        
     depends on the spin state.

Silver atoms prepared in a motion-spin 
product state

∣Ψ(0) =∣ p⃗0 ⊗(c+∣ +c-∣  )

Ĥ=
^⃗p2

2m
− ^⃗μ⋅B⃗

∣Ψ(0)=c+∣p⃗0+Δ⃗ p ⊗∣ +c -∣ p⃗0−Δ⃗ p ⊗∣ 
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Entanglement Ubiquity

Spontaneous emission : Entanglement between two physically different systems

∣e 

∣g 

∣Ψ(0)=∣e , p⃗=0 A⊗∣0 R

∣Ψ(t) =α0(t)∣e , p⃗=0 A⊗∣0 R+∑
ℓ

βℓ(t)∣g , p⃗=−ℏ k⃗ ℓ A⊗∣1 ℓ
∣e 

∣g 

spont. em.
+ℏ k⃗ ℓ

p⃗=−ℏ k⃗ℓ

atom-radiation coupling,

measurement of a photon

∣Ψ ' =∣g , p⃗=−ℏ k⃗ℓ A⊗∣1 ℓ with probability Πℓ∝|βℓ|
2

→ Here, the atom-radiation coupling has a correlated action onto the states of the atom and of the radiation field,    
     which become entangled (before the measurement of a photon)
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The Einstein-Podolsky-Rosen Argument
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Bell Inequalities
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Violation of Bell’s Inequalities

Bohr-Einstein controversy (1925-1955)

Einstein attacks the Copenhagen interpretation of quantum physics using arguments based on single particles. Bohr 
is able to answer them all using gedankenexperiment arguments (1927).

Einstein, Podolsky, and Rosen come with a 2-particle gedankenexperiment and argue that, while quantum physics is 
arguably fully correct, it must be incomplete (1935). There must exist some unkown parameters that determine the 
result of a local measurement (local hidden variables, local realism).

Bell’s inequalities

Bell is able to show that quantum entanglement can generate correlations stronger than any possible local hidden 
variables theory. Even more, he proposes a possible measurement of such quantum correlations overpassing any 
possible classical correlations (1964).

It follows a ~30 year philosophical controversy, which, surprisingly, came quite unadvertized.

The debate comes back to physics : Experiments are, in principle, able to decide!

Yet, such experiments face a number of strong difficulties (generate an entangled pair, maintain it, measure it, 
escape any possible loophole for local realism.



9

9

Violation of Bell’s Inequalities

First experiments (1972-1976) Review by A. Aspect, Physics 8, 123 (2015)

N.B. : Violation max at f=p/8 (22;5°, factor of 2 compared to spins)

Freedman & Clauser, Phys. Rev. Lett. 28, 938 (1972)

δexp=0.05±0.008

Violation by 6 standard deviations

δ=|R (22.5 °)−R (67.5 ° )|/R0−1/ 4⩽0Bell inequality adapted to optics :

Fry & Thomson, Phys. Rev. Lett. 37, 465 (1976)

δexp=0.05±0.008

δexp=0.044±0.007

Possible loopholes :

Polarizers loophole : Imperfect polarizers (most 
pairs blocked)

Detection loophole : Imperfect detectors (many 
pairs undetected)

Ca+

Produces an EPR 
photon pair

→ Locality loophole : Measurement axes chosen   
     before the emission of the pairs
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Violation of Bell’s Inequalities

Aspect’s experiments (1982) Review by A. Aspect, Physics 8, 123 (2015)

Aspect, Grangier & Roger, Phys. Rev. Lett. 47, 460 (1981)

Possible loopholes :

Polarizers loophole : Imperfect polarizers (most 
pairs blocked)

→ Locality loophole : Measurement axes chosen   
     before the emission of the pairs

Detection loophole : Imperfect detectors (many 
pairs undetected)

δexp=0.0572±0.0043

δ=|R (22.5 °)−R (67.5 °)|/R0−1/ 4⩽0

Violation by 10 standard deviations

Use much better polarizers. Almost perfect, but systematically block 
one polarization.
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Violation of Bell’s Inequalities

Aspect’s experiments (1982) Review by A. Aspect, Physics 8, 123 (2015)

Aspect, Grangier & Roger, Phys. Rev. Lett. 49, 91 (1982)

Possible loopholes :

Polarizers loophole : Imperfect polarizers (most 
pairs blocked)

→ Locality loophole : Measurement axes chosen   
     before the emission of the pairs

Detection loophole : Imperfect detectors (many 
pairs undetected)

Use double-channel polarizers (~almost all photon pairs go through)

Here, use another Bell inequality

⇒ -2≤SBell≤2
   SQM(θ=22.5°)≤2.70±0.05
   Sexp(θ=22.5°)≤ 2.697±0.015
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Violation of Bell’s Inequalities

Aspect’s experiments (1982) Review by A. Aspect, Physics 8, 123 (2015)

Aspect, Dalibard & Roger, Phys. Rev. Lett. 49, 1804 (1982)

Possible loopholes :

Polarizers loophole : Imperfect polarizers (most 
pairs blocked)

→ Locality loophole : Measurement axes chosen   
     before the emission of the pairs

Detection loophole : Imperfect detectors (many 
pairs undetected)

Use a quasi-random choice of the detection axis while the photons 
are flying (switch faster than the time taken by the photons to reach 
the detector)

⇒ -1≤S’Bell≤0 (Shimony-Holt inequality)
   S’QM(θ=22.5°)=0.112
   S’exp(θ=22.5°) = 0.101±0.020

Weiks et al. (Zeillinger’s group), Phys. Rev. Lett. 81, 5039 (1998)
Use a quantum random-number generator to choose the detection axis
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Violation of Bell’s Inequalities

Closing the debate (2013-2015) Review by A. Aspect, Physics 8, 123 (2015)

Giustina et al. (Zeillinger’s group), Nature 497, 227 (2013)

Possible loopholes :

Polarizers loophole : Imperfect polarizers (most 
pairs blocked)

→ Locality loophole : Measurement axes chosen   
     before the emission of the pairs

Detection loophole : Imperfect detectors (many 
pairs indetected)

Hensen et al. (Hanson’s group, Delft), Nature 526, 682 (2015)

Ghristensen et al. (Gisin’s group), Phys. Rev. Lett. 111, 130406 (2013)

Use almost perfect detectors (90 %)

Giustina et al. (Zeillinger’s group), Phys. Rev. Lett. 115, 250401 (2015)

Shalm et al., Phys. Rev. Lett. 115, 250402 (2015)

Close both the detection and locality loopholes at the same time

→ The debate is now considered closed (although some more     
    questionable loopholes can never be strictly excluded)

→ Now it is time to exploit entanglement (security of                  
    communications, quantum networks, teleportation, ...)
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Some Foundamental Implications of Entanglement

In general, it is not possible to ascribe a well defined ket state to any part of a large system

In general, a local measurement performed on a part A affects the state of a part B

→ Quantum teleportation (see below)

→ Quantum nondemolition measurements (see lecture 5)

In contrast, a local unitary operation performed on A cannot affect the state of B

Entanglement exponentially enhances the amount of information

Classical states : information grows linearly with N

Quantum states : information grows exponentially with N

→ Difficulty of simulation a quantum system with a classical computer

→ Entanglement is a resource, exploitable for new technologies
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Quantum Teleportation

A :α∣0 +β∣1 

M :∣1 

B :∣1 

H
Bell basis

m

Ûm B:α∣0 +β∣1 

MB :∣𝓑11 =
∣01 −∣10 

√2

AM :∣𝓑m 

Bennett et al., Teleporting an unknown quantum state via dual classic and Einstein-Podolky-Rosen channels, Phys. 
Rev. Lett. 70, 1895-1899 (1993)

Theoretical proposal
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Quantum Teleportation

Alice prepares 1 in either the polarization state 
+45° ou -45°; Bob measures the polarization of 3

To prove the teleportation, coincidence 
measurements f1*f2*d1 and f1*f2*d2 are 
performed (d1 measures at -45°, d2 at +45°). 
Teleportation signaled only by suppression of 
polarization of B orthogonal.to that of initial A.

Bouwmeester et al., Experimental quantum 
teleportation, Nature 390, 575-579 (1997) 

Experimental observation with photons

Incomplete Bell 
measurement
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