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Superposition of states and entanglement are arguably the most intriguing aspects
of quantum theory. While superpositions are ubiquitous in wave physics and have many
counterparts in classical physics, entanglement is a genuine quantum feature, with no clas-
sical counterpart. This was realized as early as in the 1920s, in particular by Schrödinger.
It was, however, only gradually realized that entanglement is not just a curiosity of the
quantum world, but plays a central role in many physical phenomena. Moreover, it was
only quite recently realized that entanglement can be used as a resource for quantum
information. It is now at the very heart of modern quantum physics and quantum tech-
nologies, and we shall discuss various examples in the next chapters, in particular in
context of quantum communications.

This chapter aims at giving an elementary introduction to the main aspects of quantum
entanglement. We first give an overview showing in particular that entanglement is a
ubiquitous but fragile resource. We then discuss the nature of entanglement and how it
produces correlations that are stronger than any kind of classical correlation.

1 Entanglement in a nutshell

1.1 Separable versus entangled states

Entanglement is a direct consequence of the superposition principle of quantum physics,
itself a consequence of the linearity of the Schrödinger equation. If two states |ψ1〉 and
|ψ2〉 are solutions of the Schrödinger equation, then any linear superposition of the two,

|ψ〉 = c1 |ψ1〉+ c2 |ψ2〉 , (1)

with time-independent complex amplitudes c1, c2 ∈ C, is also a solution. This holds for
both the static and time-dependent Schrödinger equations. Such quantum superpositions
show up in interference experiments, e.g. the Young slits experiment, which reveal the co-
herence between the states |ψ1〉 and |ψ2〉. Although it may be surprizing that interferences
show up for matter particles and, even more, for a single particle, this phenomenon has
nevertheless classical counterparts. Indeed, interference effects are ubiquitous in classical
optics and, more generally, in classical electrodynamics, as well as in the propagation of
sound waves, surface hydrodynamic waves, and sismic waves for instance.
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In contrast, quantum entanglement has no classical counterpart, and profoundly
changes our understanding of physical reality. Entanglement is, however, nothing but
the superposition of states in multipartite systems, as first pointed out by Schrödinger.
Consider a quantum system described in the bipartite Hilbert space EA⊗B = EA ⊗ EB,
where A and B are two distinct degrees of freedom. One may think of the motional states
of two distinct particles (A and B), their spins, or the motion (A) and the spin (B) of
a single particle, see examples below. One can build a product basis of EA⊗B from two
bases of EA and EB, respectively,

|n,m〉A⊗B = |n〉A ⊗ |m〉B , (2)

where {|n〉 , n ∈ N} and {|m〉 ,m ∈ N} are orthonormal bases of EA and EB, respectively.
The normalization of both implies the normalization of the product basis. In contrast,
the orthogonality of only either {|n〉} or {|m〉} is sufficient to ensure the orthogonality of
the product basis.

However, the fact that we can construct a complete basis of product states does
not imply that all states of the Hilbert space are product states. In fact, the set of
product states is not a Hilbert space. According to the superposition principle, any linear
combination of these states is a legitimate state. Some multipartite states may indeed be
factorized,

|Ψ〉A⊗B = |ψ〉A ⊗ |χ〉B (product state) , (3)

where |ψ〉A and |χ〉B are kets of EA and EB, respectively. Such states are called product
states or separable states. Trivial examples are the states of the product basis, Eq. (2),
but there are many other examples. If the bipartite system A⊗ B is in a product state
such as Eq. (3), then both A and B are in a well defined state, described by the kets |ψ〉A
and |χ〉B, respectively. This is what is expected from a classical picture, and we may call
such separable states ”rather classical”. More precisely, we usually say that they satisfy
the local realism condition. This means that each subsystem A or B contains locally its
own state, independently of the other one.

In contrast, some other multipartite states cannot be factorized

|Ψ〉A⊗B 6= |ψ〉A ⊗ |χ〉B (entangled state) (4)

and are then called entangled states or nonproduct states. A celebrated example is the
so-called Einstein-Podolsky-Rosen (EPR) pair

|EPR〉 =
|↑〉A ⊗ |↓〉B − |↓〉A ⊗ |↑〉B√

2
, (5)

where |↑〉 and |↓〉 are the spin states of two different particles A and B. More generally,
the EPR state is just one of the states of a class of entangled two-qubit states, called Bell
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states :

|B00〉 =
|00〉+ |11〉√

2
(6)

|B01〉 =
|01〉+ |10〉√

2
(7)

|B10〉 =
|00〉 − |11〉√

2
(8)

|B11〉 =
|01〉 − |10〉√

2
, (9)

which play a pivotal role in quantum information. It is easily checked that the set of Bell
states form an orthonormal basis of two-qubit states. Moreover, it is maximally entangled
in the sense that it maximizes the entanglement entropy.

In such entangled states, neither A or B can be ascribed a well defined ket state. In
other words, the states of A and B cannot be separated, and we say that local realism
breaks down. This means that there is no way to ascribe a ket state to either A or B,
independently of the other.

1.2 Ubiquity of entanglement

Before discussing its profound implications, let us note that, although quantum entangle-
ment is a strange feature, it is ubiquitous and the rule rather than the exception.

Entangled states outnumber product states
We may first note that entangled states are much more numerous than product states.

To understand this, consider a system of N degrees of freedom, each described in a Hilbert
space of dimension d. On the one hand, an arbitrary state reads as

|Ψ〉 =
∑

n1,...,nN

cn1,...,nN
|n1〉1 ⊗ ...⊗ |nN〉N . (10)

There are dN independent coefficients (up to the normalization and global phase), each
N -uplet corresponding to a different state. On the other hand, a product state reads as

|Ψ〉
prod

=
(∑

n

c1n |n〉
)
1
⊗ ...⊗

(∑
n

cNn |n〉
)
N
, (11)

and there are only N × d independent coefficients (again up to the normalization and
global phase). For N � 1, there are thus exponentially more states than product states,
hence exponentially more quantum entangled states than classical states. In particular,
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the amount of information contained in quantum states greatly exceeds that contained in
the classical states, and entanglement is tremendous resource.

Moreover, it is generally quite easy to generate entangled states. In fact, as illustrated
in the examples below,

Almost any interaction or coupling between a system A and a system B (or more
generally two degrees of freedom of a quantum system) produces an entangled state.

Spatially separated particles
The simplest entangled states show up in two-particle systems. For concreteness, con-

sider a pair of identical but distinguishable atoms, with ground and excited states |g〉
and |e〉, and coupled by some resonant interaction Hamiltonian ĤI = ~κ

(
|e, g〉〈g, e| +

|g, e〉〈e, g|
)
, with κ ∈ R.

This coupling induces transitions only between the bipartite states |g, e〉 and |e, g〉, which
hence form a closed set. Assume the pair is prepared in the state |g, e〉 at time t = 0.
After an interaction time t, the bipartite state becomes

|Ψ(t)〉 = cos(κt)|g, e〉 − i sin(κt)|e, g〉 . (12)

This is nothing but resonant Rabi oscillations between the coupled states |g, e〉 and |e, g〉.
It is easily checked that the bipartite state |Ψ(t)〉 is in general not separable, except at
the particular times t ∈ (π/2κ)N where either the cosine or the sine vanishes. At any
other times, the states of the two systems are entangled.

Note that most couplings are local, so that the two systems should be close enough
to produce an entangled state. However, after an entangled state is produced, the two
subsystems may be spatially separated while preserving the entanglement.

Two degrees of freedom of a single particle: Stern and Gerlach experiment
Entanglement may also appear between two degrees of freedom of a single particle. An

example already appears in the Stern-Gerlach experiment. In the experiment, silver atoms
are emitted from a furnace with a small opening, in an arbitrary spin state. Assuming
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for simplicity that an atom is emitted with a well-defined momentum, it is initially in the
momentum-spin product state is |p0〉 (c+ |↑〉+ c− |↓〉). The atom then passes through a
nonuniform magnetic field B(r) and is deflected up or down depending on its spin state.
The atom dynamics is governed by the Hamiltonian

Ĥ =
p̂ 2

2m
− µ̂ ·B(r), (13)

where r̂ is the position and p̂ the momentum of the atom, m its mass, and µ̂ its magnetic
moment. Assuming that the wavepacket is sufficiently localized, with the initial momen-
tum p0, and that the magnetic field has a gradient along, say the z direction, the state
at time t is given by

|ψ(t)〉 = c+ |p0 + ∆p〉 ⊗ |↑〉+ c− |p−∆p〉 ⊗ |↓〉 , (14)

where ∆p is determined by the classical trajectory. Hence, while the atom was initially in
a motion-spin product state, the interaction with the magnetic field yields an entangled
state. The main reason is that the effect of the magnetic field on the (semi-classical)
trajectory depends on the spin state. This produces the coupling between the degrees of
freedom at the origine of their entanglement.

To conclude, note that in the case discussed here it is difficult to speak of a nonlocal
reality because there is a single particle, although it is delocalized. Nevertheless, the
nature of the entanglement is the same as for distant particles.

Two physically different systems and spontaneous emission
Entanglement may also show up between two completely different systems. An example

is provided by spontaneous emission. In this case, the atomic state gets entangled with
that of the radiation field. Spontaneous emission results from the interaction of an isolated
atom with the quantized radiation field [1–3]. For a two-level atom (ground state |g〉 and
excited state |e〉), the interaction Hamiltonian may be written as

Ĥint '
∑
`

(
~κ` |e〉 〈g| â` + ~κ∗` |g〉 〈e| â

†
`

)
, (15)

where â` and â†` are, respectively, the annihilation and creation operators of a photon in
the electromagnetic mode ` and κ` is the mode-dependent coupling constant. Assuming
that the atom is initially in the excited state and the radiation field in the vacuum,
|Ψ(0)〉 = |e〉 ⊗ |0〉, the interaction between the two yields

|Ψ(0)〉 = c0(t) |e〉 ⊗ |0〉+
∑
`

c`(t) |g〉 ⊗ |1`〉 , (16)

where |1`〉 is the state of the radiation field with one photon in the mode `. It yields
an entangled state, where the atom is partially in the ground state and partially in the
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excited state, and the radiation field is partially filled by a photon (in either mode `).
This is another example of the general rule stated above.

Note that whether spontaneous emission has occured or not can only be decided upon
measuring any possibly emitted photon. The measurement process projects the state of
the atom-radiation field system, either in the state where the atom is in the excited state
and the radiation field in the vacuum (then, there has been no emission) or in the state
where the atom is in the ground state and the radiation field in the one-photon state
in the mode where it has been measured (then emission has occured). Similarly, it is
the measurement of the position of the particle at the outcome of the Stern and Gerlach
device that projects the system in either of the spin components and the corresponding
point of the trajectory.

1.3 Fragility of entanglement

We have seen that entanglement is generated by almost any nontrivial interaction between
two systems. This allows us to rather easily generate entanglement, but it also makes it
fragile. In fact, ubiquity and fragility are the two faces of the same coin. Since a quantum
system can never be perfectly isolated, it necessarily interacts with its environment. The
system’s state then gets rapidely entangled with that of the environment, which effec-
tively destroys the coherences between basis states of the system. This process is called
decoherence and will be discussed in detail in lecture 9. In fact, it may be shown that
decoherence is equivalent to a measurement-by-environment process, and the fragility of
entanglement may be ilustrated by simple measurement processes. While this may seem
to give a prominent role to the observer, we shall see later that the same occurs in the
absence of an observer: The point is not that we have observed – or measured – the system
but that the system has interacted with a macroscopic system, namely the measurement
aparatus.

Consider for instance the N -qubit GHZ state,

|GHZ〉 =
|00...0〉+ |11...1〉√

2
. (17)

This state is arguably highly entangled. Indeed all particles are entangled with each other
and the state of no one can be factorized out. Assume now that among all these particles,
we measure the state of the last one in the computational basis {|0〉 , |1〉}. If we measure
it in |0〉, then all particles are projected onto |0〉. If we measure it in |1〉, then all particles
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are projected onto |1〉,

|00...0〉
↗ with probability 1/2

|GHZ〉
↘ |11...1〉

with probability 1/2 . (18)

In both cases, we get a product state and entanglement is totally destroyed. Note, how-
ever, that if we measure in another basis, the entanglement may be preserved. For in-
stance, measuring in the basis {|+〉 , |−〉}, we may write

|GHZ〉N =
|00...0〉N−1 + |11...1〉N−1√

2
⊗ |+〉+

|00...0〉N−1 − |11...1〉N−1√
2

⊗ |−〉 , (19)

and we then get

↗
|00...0〉N−1 + |11...1〉N−1√

2
with probability 1/2

|GHZ〉

↘
|00...0〉N−1 − |11...1〉N−1√

2
with probability 1/2 . (20)

In this case, entanglement is preserved, but the state is strongly affected in one out of
two cases.

There, however, exist states that are better protected against decoherence. Consider
for instance a measurement in the computational basis applied to the N -qubit W state,

|W〉 =
|100...000〉+ |010...000〉+ ...+ |000...001〉√

N
. (21)

It yields

↗ |100...00〉+ |010...00〉+ ...+ |000...01〉√
N − 1

with probability P0 = 1− 1/N,

|W〉
↘ |000...00〉 with probability P1 = 1/N.

Hence, in almost all cases (for N � 1), we get a (N−1)-qubit W state, and entanglement
is preserved. In marginal cases, entanglement is, however, completely destroyed.

2 Quantum correlations and Bell inequalities

Let us turn to one the most intriguing features of entanglement, namely the fact that it
induces a new kind of correlation, with no classical counterpart. In fact, entanglement
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is an elusive kind of quantum correlations, which is obviously demonstrated without
ambiguity. For instance, we have previously described the Stern and Gerlach experiment
from entanglement between the spin and motional degrees of freedom of each silver atom.
This is arguably the correct description. However, the results of the experiment may be
equally well interpreted without refering to entanglement: Assume that each atom is not
in a coherent superposition of the spin and motional degrees of freedom but either in the
state |p+, ↑〉 or in the state |p−, ↓〉, with p± = p0±∆p, each with probablity 1/2. In this
case also, each realization of the experiment would detect the particle either in the upper
branch or in the lower branch with probability 1/2. Such an experiment is thus enable to
distinguish a quantum coherent superposition from a classical statistical distribution.

Similarly, consider a two-spin system in the EPR state of Eq. (5). If we just measure
the spin component in the z direction on each of the spins A and B, we get |↑〉A⊗|↓〉B or
|↓〉A⊗|↑〉B, each with probability 1/2. The probability of measuring each spin in the state
|↑〉 or |↓〉 is 1/2. Moreover, the measurements are perfectly anti-correlated: If we get |↑〉
on one, we get |↓〉 on the other with probability 1, and vice-versa. However, we would find
the same result assuming that the two-spin state is either |↑〉A ⊗ |↓〉B or |↓〉A ⊗ |↑〉B with
probability 1/2 each and the entangled nature of the EPR state is irrevant. Note that
one cannot overcome this issue by measuring the spin components in a different direction.
This is an immediate consequence of the fact that the EPR state (5) reads exactly the
same in the spin basis relative to any quantization axis u,

|EPR〉 =
|↑u〉A ⊗ |↓u〉B − |↓u〉A ⊗ |↑u〉B√

2
, (22)

see exercise 1, page 20. We may alternatively perform the measurements along different
axes for the two particles. It, however, does not solve the problem either because we can
still assume that the pairs were emitted either in coherent superposition states or as a
statistical distribution of product states polarized along the respective measurement axes.

All these thought experiments thus leave open the door to the existence of hidden
variables. Such hypothetical variables, which would go beyond the scope of standard
quantum theory, would determine the very state of each measured system. Within the
above example, such an approach assumes that the state of each spin would be deter-
mined, either |↑〉 or |↓〉, prior to its measurement and independently of any measurement
performed on the other spin. This pre-determination could be set at the generation of the
pair for instance. The result of a measurement would thus not be random and projective,
but just revealing the very state of each spin, similarly as in the classical realm.

2.1 The Einstein, Podolsky, and Rosen argument

Back in 1935, Einstein, Podolsky, and Rosen argued that such hidden variables must
actually exist [4]. Their argument was based on pairs of particles whose position and
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Figure 1: Sketch of the Einstein-Podolsky-Rosen gedankenexperiment: An EPR pair state
is prepared locally. The two particles A and B are then spatially separated by a distance
d before being measured independently at their localization. The time delay t between
the measurements on A and B is smaller than the time needed by any physical signal to
travel from A to B, d/c.

momentum states are measured. Here we discuss the technically-simpler version proposed
by Bohm, which considers entangled spin states. The argument goes as follows (see also
Fig. 1). Assume you create an EPR pair as in Eq. (5) and separate the two particles
A and B by a distance d using a process that does not affect the spins. Then measure
the spin of say A. You get |↑〉A with probability 1/2 and |↓〉A with probability 1/2. But,
according to the wave-packet collapse rule in quantum measurement theory, if you get
|↑〉A on A, the spin of B is instantaneously projected onto |↓〉B and, if you get |↓〉A, the
spin of B is instantaneously projected onto |↑〉B. In other words, the measurement of the
spin of A not only projects the state of A but also that of B. If you then measure the state
of B, you find a state that is completely determined by the result of the measurement
performed on A. Since, according to standard quantum theory, this result is random,
it could not known by B before the measurement is performed on A. This implies that
some kind of information should have been transmitted from A to B in a time smaller
than the time interval between the measurements performed on A and B. According
to special relativity, such a piece of information cannot travel faster than the speed of
light c. But, it is in principle possible to separate the measurements on A and B by
a time t such that t < d/c so that no physical signal can be transmitted from A to
B in between the two measurements. In other words, it is possible to separate the two
measurement events by a spacelike interval. Einstein, Podolsky, and Rosen conclude that,
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since no physical information can be transmitted from A, where the first measurement is
performed, to B, where the second measurement is performed, it is not possible that the
result of the first measurement determines that of the second one. Hence, the results of
the two measurements must be determined locally, that is by some local hiden variable
hosted by A on the one hand and a copy hosted by B on the other hand. The two copies
may be generated at the creation of the pair when A and B where located at the same
point and could share this piece of information classically.

We do not detail here the fascinating debate that took place between the proponents
of hidden variable theories and those of the orthodox interpretation of quantum mechan-
ics, known as the Copenhagen interpretation. This debate was marked by discussions of
extraordinary intellectual wealth by Niels Bohr and Albert Einstein, and we refer the in-
terested reader to excellent reviews and discussion, e.g. Refs. [5–8] and references therein.
Note, however, that Einstein, Podolsky, and Rosen do not question quantum mechanics
itself nor its predictive power. They only argue that it can be – and must be – com-
plemented by the introduction of yet unknown (hidden) variables. The debate was thus
rather about the interpretation of quantum mechanics and has remained at a philosophical
level for a long time.

2.2 Bell inequalities

In fact, it took almost 30 years for the debate to return to the physics level. John S. Bell
was the first, in 1964, to propose a physical situation, testable in real experiments, which
makes it possible to distinguish an arbitrary local hidden variable (LHV) theory from
the orthodox quantum theory [9]. More precisely, he showed that some correlations have
an upper bound lower in LHV theories than in quantum theory. This yields inequalities,
known as the Bell inequalities, that must be satisfied by LHV theories but not by quantum
mechanics, thus allowing to – possibly – invalidate the former. The most striking feature
of the Bell inequalities is that they can be written independently of the LHV theory. It
works as follows.

In the following, we do not use the original formulation by Bell, which was based on
the original formulation of Einstein, Podolski, and Rosen, but instead keep on using spin
states, along the lines of Ref. [10]. Assume some hidden variable λ determines the values
of the spins of both A and B. We make no hypothesis on λ: It can be a scalar or a vector,
discrete or continuous, ... Of course, we do not know its value nor how it is generated by
Nature, but we assume it is decided at the creation of the pair, so that A and B can each
carry a copy. The spin of each particle is a function of the measurement direction u and
of the LHV λ, and takes only two possible values:

σA(u, λ) = ±1 and σB(u, λ) = ±1 , (23)

where the value of λ decides whether it is +1 or −1 for each particle and each measurement
direction. Now, choose two measurement directions for each particle, a and a′ for A, and
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Figure 2: Bell inequalities. (a) General scheme of the Bell experiment. An EPR pair
of entangled 1/2-spin particles is emitted by a source, one of the particles going to the
left (A) and the other to the right (B). The spin of particle A is then measured in
one of the directions a or a′, and the spin of particle B in one of the directions b or
b′. In the framework of a LHV theory, it is assumed that a hidden variable λ has been
created at the time of emission, each of the particles carrying a copy of this variable, λA
or λB. (b) Orientation of the directions a, b, a′, and b′ of the spin measurements of the
two particles used to establish the Bell inequality (26). (c) Bell correlation function as
a function of the relative angle of the measurement directions in the framework of the
quantum theory (solid red line) and range allowed in the framework of an LHV theory
(shaded area).

b, and b′ for B, see Fig. 2(a), and cook up the correlation function

C(λ) = E(a, b)− E(a, b′) + E(a′, b) + E(a′, b′) (24)

with
E(u,v) = σA(u, λ) · σB(v, λ) . (25)

It is straightforward to check that this correlation function can only take two possible
values, either C(λ) = −2 or C(λ) = +2, irrespective of the LHV and the measurement
directions1. Hence, whatever the distribution P (λ) of the LHV λ from experimental shot

1To show this, write C(λ) = σA
(
σB − σ′B

)
+ σ′A

(
σB + σ′B

)
, with σj = σj(u, λ) and σ′j = σj(u

′, λ).
Then, note that σB − σ′B and σB + σ′B can only take two correlated values. Since σA, σ′A, σB , and σ′B
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to experimental shot, the average correlation function is trivially bounded,

−2 ≤ 〈C〉LHV =

∫
dλP (λ)C(λ) ≤ +2 . (26)

The most striking feature of this inequality is that it is completely independent of the
LHV theory.

Let us now come back to standard quantum theory. The quantum counterpart of the
Bell correlation function reads as

Ĉ = Ê(a, b)− Ê(a, b′) + Ê(a′, b) + Ê(a′, b′) , (27)

with Ê(u,v) =
(
σ̂A ·u

)
⊗
(
σ̂B ·v

)
and σ̂j the vector spin operator for particle j ∈ {A,B}.

Assume now that the two-spin system is prepared in an entangled state, say the EPR state,
and the measurement directions a, b, b′, and b′ are chosen so that they make successive
angles of θ, see Fig. 2(b). It may be checked that the quantum average value of the Bell
correlator is then

−2
√

2 ≤ 〈C〉Q = cos(3θ)− 3 cos(θ) ≤ +2
√

2 , (28)

see exercise 2. This quantum Bell correlation function is shown versus the relative mea-
surement angle in Fig. 2(c). Remarkably enough, the inequality (28) derived from stan-
dard quantum theory differs from the Bell inequality (26) based on any LHV theory. In
particular, the quantum Bell correlation function can reach values as large as 2

√
2 and

violate the LHV Bell inequality for some values of the relative measurement angle θ. This
offers an experimentally-measurable quantity to distinguish LHV theories from standard
quantum theory.

In the above discussion, we have shown that an EPR state, i.e. a maximally entangled
state, allows us to violate the Bell inequality (26). In fact, it can be shown that any
entangled (i.e. non-product) state violates the Bell inequality for an appropriate choice
of the measurement axes. Moreover, any product state leads to a bound compatible with
the Bell inequality. These properties are shown in exercises 3 and ?? on page 21. Hence,
to test quantum theory against LHV theories, it is sufficient to use any state with the
sole condition that it is not a product state.

2.3 Experimental decision

While the debate between Einstein and Bohr was stuck on the epistemological level, the
discovery of the Bell inequalities in mid-1960’s radically changed the situation. For the

are all equal to +1 or −1 (possibly different): Either they are equal, σB −σ′B = 0 so that σB +σ′B = ±2,
and C(λ) = ±2; Or they are opposite, and we end up with the same conclusion exchanging the roles of
σB − σ′B and σB + σ′B .
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first time, they provided us with a measurable quantity that could be used to discriminate
between LHV theories and quantum physics. However, the experimental demonstration
of quantum correlations beyond the Bell limit was not easy and it took about twenty years
to clearly decide in favor of quantum physics and another thirty years to definitively close
the debate.

Most experiments so far have been performed with photons instead of spins. Quantum
information is then encoded on two orthogonal polarizations of the photons instead of the
spin up and spin down states of a real spin. There is, however, a one-to-one correspondence
between these descriptions. Different forms of the Bell inequalities have been proposed
that are more adapted to optical experiments, see for instance Ref. [5]. We shall not
detail them here. The first experiments were carried out in the United States in 1972-
1976, in particular by John Clauser. The typical scheme of a Bell experiment is shown
on Fig. 3(a), where the choice of the measurement directions is made by the polarizer A
and B, and the correlation functions are analyzed using a coincidence detector [11]. The
first challenge was the production of entangled photon pairs. In Clauser’s experiment,
they were produced with a two-photon radiative cascade that produces an EPR-like pair
of two photons at slightly different frequencies, see Fig. 3(b). The Bell inequality used
reads as

δ =

∣∣∣∣R(22.5◦)

R0

− R(67.5◦)

R0

∣∣∣∣− 1

4
, (29)

where R(φ) is some coincidence function, which depends on the angle φ between the de-
tectors2. The main result is a measure of R(φ), shown on Fig. 3(c) versus φ. The exper-
imental measurements (dots) are in excellent agreement with the prediction of quantum
theory (solid line). In particular, they yield

δ ' 0.05± 0.008 , (30)

showing a violation of the Bell inequality (29) by about 6 standard deviations. A similar
experiment was performed by Fry and Thomson, leading to a similar conclusion with an
even better resolution [13].

The Freedman and Clauser experiment is clearly in favor of quantum physics. This
experiment, as well as the one by Fry and Thomson, is, however, not free of experimental
imperfections, which leaves loopholes to LHV theories. They are three of them:

(i) Polarizers loophole : Use of imperfect polarizers (most pairs were lost);

(ii) Detection loophole : Use of imperfect detectors (many pairs were undetected);

(iii) Locality loophole : Measurement axes chosen before the emission of the pairs.

2Note that there is a factor of two between the relative angle φ of the polarizers and the Bloch
sphere angle θ. For instance, orthogonal polarizations (φ = π/2) correspond to antiparallel Bloch vectors
(θ = π). Hence the maximum violation of the Bell inequalities is expected at φ = π/8 = 22.5◦.
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Figure 3: Bell experiments. (a) Typical experimental scheme in quantum optics: A source
(central blue sphere) produces a pair of entangled photons at frequencies ν1 (red) and ν2
(light blue). Each passes through a polarizer (grey boxes A and B), which deflects it
by a polarization-dependent angle. The output photons in either polarization state are
detected by single-photon detectors (green dots), and analyzed by a coincidence detector
(green box). From Ref. [7]. (b) Two-photon cascade in the Ca2+ ion, producing the
entangled photon pair. From Ref. [11]. (c) and (d) Experimental measurements of the
R(φ) function defined in Eq. (29), from Refs. [11] and [12], respectively.

The loopholes (i) and (ii) refer to possible experimental biases. Since most of the datais
lost, the statistics may be biased, hence erroneously invalidating the Bell inequalities.
In contrast, the loophole (iii) raises a fundamental question: Since the choice of the
detection axes is made well before the photon pairs are emitted, it cannot be excluded
that the emission process is affected by the detectors. It may then produce nonentangled
pairs with a statistics depending on the detection axes such that the correlation function
agrees with the quantum theory, while the communication channel is still subluminal.

The main loopholes were lifted in a series of three experiments carried out in France
lead by Alain Aspect in the early 1980’s. The first experiment was very close to Clauser’s,
but it used high-quality polarizers [14]. A result is shown on Fig. 3(d). This allowed to
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refine the measurements, leading to

δ ' 0.0572± 0.00043 , (31)

thus confirming the violation of the Bell inequality by more than 10 standard deviations.
The experiment partially removed the polarizers loophole. However, it used single-channel
polarizers, which allowed only one polarization to pass at a time. To overcome this issue,
the second experiment was performed with double-channel polarizers, thus avoiding such
a loss of data [12]. The Bell correlator used in this experiment is that of Eq. (24). The
experiment yields2

C(22.5◦) ' 2.697± 0.015 . (32)

The quantum theory predicts C(22.5◦) ' 2.70 ± 0.05 considering the experimental mar-
gins, while the Bell inequality stipulates −2 ≤ C(θ) ≤ +2. Note that the quantum
prediction 2.70 significantly differs from the theoretical value 2

√
2 ' 2.83. This is be-

cause it accounts for two effects: (i) the imperfections of the polarizers, and (ii) the finite
solid angles of the detectors, which include contributions of photons in non exactly op-
posite directions. Taking into accounts these effects, the experiment thus confirms the
quantum theory. It violates the Bell inequalities and essentially lifts the detection loop-
hole. Due to imperfect detectors, not all pairs were detected but both two polarizations
were included for each detected pair. Finally, the third experiment aimed at lifting
loophole (iii). To do this, a quasiperiodic sequence is used to determine the orientation
of the polarizers [15]. The interest of this experiment lies in the fact that the choice of
polarization is made quasi-randomly and faster than the time of flight of the photons
from the source to the polarizers. Hence, the choice of the measurement axes is posterior
to the emission of the photon pair so that the emission process cannot be affected by
the prior choice of the measurements made. Here again, the experiment shows a clear
violation of the Bell inequalities, with about 5 standard deviations. All together, these
experiments provide convincing evidence of the violation of the Bell inequalities and the
nonlocal character of quantum physics.

For purists, there were still some loopholes, notably the detection loophole, as well as
the fact that the quasiperiodic sequence of choices of the measurement directions was not
strictly random. The sequence was indeed deterministic and chosen before the emission.
The experimental choice could thus – in principle – influence the emission of the photon
pairs. Although this is true in principle, that such ultimate loophole leads to an artificial
violation of the Bell inequalities, in apparent agreement with standard quantum theory,
would require a conspiracy of elements that leaves no room for reasonable doubt.

The experiments were nevertheless refined until the middle of the 2010’s to remove any
doubt. For instance, the group of Anton Zeillinger used a truly random number generator,
based itself on a quantum measurement [16]. This lifted the criticism of the quasiperiodic
sequence previously used. Only in the early 2010’s did the detectors become efficient
enough to detect up to 90% of the pairs produced. This allowed to lift the detection
loophole [17, 18]. Finally, the last criticism was that the different loopholes had been
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lifted in different experiments but never simultaneously. This was finally done in three
different experiments performed in 2015 [19–21].

2.4 Foundamental implications of entanglement

The existence of quantum entanglement has many profound consequences. In the first
place, it is generally not possible to ascribe a well-defined state to a part of a system
independently of the other parts. In other words, while the state of the system may be
well defined by a ket |Ψ〉, a sub-system A of it may not be ascribed a well defined ket |ψ〉A.
Several examples have been discussed in Sec. 1.2. This occurs as soon as the sub-system
A is entangled with another part of the system, leading to the so-called breakdown of
local realism.

Another important consequence is that a measurement on a part A of a system may
affect another part B. Indeed, the measurement on A projects, not only the state of
A, but also the full state of the bipartite system onto the eigenspace corresponding to
the result of the measurement. This phenomenon is for instance skillfully exploited in
several applications such as quantum teleportation (see Sec. 3) and quantum nondemolition
measurements (see lecture 5). The experimental violation of the Bell inequalities on
distant points shows that this happens irrespective to the distance between the sub-
systems A and B. In general, the measurement affects the entanglement between A and
B, which may be partially or totally destroyed, as discussed in Sec. 1.3. Note that, in
contrast, a local unitary evolution on A does not affect the state of another part B even
when they are entangled. Hence the only local actions on A able to affect a distant part B
are measurements. Since measurements are intrinsically stochastic (according to standard
quantum theory), they cannot be used to perform distant deterministic tasks.

Last but not least, entanglement exponentially enhances the amount of information
contained in the state of a N -body system. As discussed above, while the amount of
information contained in a classical state grows linearly with the number of constituents,
that contained in a quantum state grows exponentially. This property is at the very heart
of the intrinsic difficulty of simulating generic quantum many-body systems on classical
computers. But it also makes entanglement a dramatic ressource for applications already
realized or envisoned in the context of quantum technologies. Hence, quantum entangle-
ment can be used to perform tasks that are simply impossible in the classical realm. The
most immediate applications concern quantum communications, in particular cryptogra-
phy and teleportation, as well as superdense coding, but also quantum computing.
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3 Quantum teleportation

Here we discuss an explicit case where entanglement is used as a resource for truly quan-
tum communications. The teleportation protocol discussed here allows us to transmit
the complete quantum information associated to a quantum state between two distant
systems. The principle of teleportation in science fiction consists in transferring an object
from a point A to a distant point B. In doing so, the object disappears from point A and
reappears at point B. This is exactly what quantum teleportation does, except that it is
not an object that is teleported, but a piece of quantum information.

3.1 Quantum teleportation protocol

The teleportation protocol was proposed by Bennett et al. [22]. It is shown on Fig. 4.
Alice has a qubit A in an arbitrary state

|ψ〉A = α |0〉+ β |1〉 , (33)

which she may or may not know, and that she wishes to transmit to Bob. On the other
hand, Bob has two qubits, B and M . The qubit A contains the quantum information to be
transmitted, B will be the receiver, and M will be a mediator. Note that, in the following,
it is not necessary that the three qubits are of the same physical nature. For instance,
one can be a photon and the other two ions, or any other combination of implementable
qubits.

To initiate the teleportation process, Bob prepares his qubit pair MB in a maximally
entangled state. For the sake of concreteness, here we consider the Bell state

|B11〉MB =
|01〉MB − |10〉MB√

2
. (34)

Bob keeps the qubit B and sends the qubit M to Alice. The three-qubit state reads as

|Ψ〉AMB =
(
α |0〉+ β |1〉

)
A
⊗ |01〉MB − |10〉MB√

2
. (35)

Alice then performs a Bell measurement on the qubit pair AM , now at her disposal. In
order to easily find the possible measurement results, we rewrite the three-qubit state
using the Bell basis for the two-qubit system AM and the computational basis for the
qubit B. It yields

|Ψ〉AMB =
1

2

[
|B00〉AM ⊗

(
+ α |1〉 − β |0〉

)
B

+ |B01〉AM ⊗
(
− α |0〉+ β |1〉

)
B

(36)

+ |B10〉AM ⊗
(

+ α |1〉+ β |0〉
)
B

+ |B11〉AM ⊗
(
− α |0〉 − β |1〉

)
B

]
.
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Figure 4: Quantum circuit realizing the teleportation protocol of any state from qubit A
to qubit B via qubit M . See text.

This formula is proven in exercise 4, page 21. After the measurement, Alice may obtain
one or the other of the following results: m = (00), m = (01), m = (10) or m = (11),
each with probability 1/4. The state of the qubit B is then projected onto a state |ψ′|m〉B
with

|ψ′|00〉 = +α |1〉 − β |0〉 , |ψ′|01〉 = −α |0〉+ β |1〉 ,

(37)

|ψ′|10〉 = +α |1〉+ β |0〉 , |ψ′|11〉 = −α |0〉 − β |1〉 .

Having obtained one or the other of the Bell states after the measurement, Alice loses
all information of her initial state, which is contained in the coefficients α and β. Any
further measurement she could perform would indeed be independent of these coefficients.
In turn, the full quantum information of the initial state is found in the state of Bob’s
qubit, who obtains a state that depends on these same coefficients. This information
is, however, somehow hidden because the state obtained on the qubit B depends on the
result of the measurement performed by Alice, which is random and which Bob ignores.
Moreover, the state Bob obtains is not always exactly the initial one of Alice.

To complete the teleportation, Bob must apply a unitary operation Ûm to his qubit,
in order to restore the initial state of Alice’s qubit on his own qubit. It is straightforard
to check that the operations to be performed are Pauli gates:

Û00 = Ŷ : +α |1〉 − β |0〉 → −i
(
α |0〉+ β |1〉

)
Û01 = Ẑ : −α |0〉+ β |1〉 → −

(
α |0〉+ β |1〉

)
Û10 = X̂ : +α |1〉+ β |0〉 → α |0〉+ β |1〉
Û11 = 1̂ α |0〉+ β |1〉 .

In any case, the state obtained after the application of this unitary operation on B is
indeed the initial qubit state of A, up to a phase. In principle, this phase is irrelevant. If
necessary, one can nevertheless apply an additional phase gate so that the qubit B turns
into the exact initial state of the qubit A. However, the operation Ûm to be performed
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by Bob depends on the result m of Alice’s measurement. Hence, Alice must transfer her
result to Bob. This is a classical information, to be transmitted by a classical channel.
Knowing the result of the measurement performed by Alice, Bob can then apply the
appropriate operation. This concludes the teleportation process.

Let us now comment this quantum teleportation protocol. First, note that quantum
teleportation is not incompatible with the nocloning theorem. Indeed, B has recovered
the complete information initially contained in A. This is done without anyone – neither
Alice or Bob – having any knowledge of this information, i.e. of the initial state of A.
More importantly, Alice loses all information about the initial state of her qubit: She
finds one or the other of the 4 two-qubit Bell states, each with the same probability
(1/4), completely independently of the coefficients α and β. Alice can therefore no longer
make any measurements that would inform her about their initial values, even partially.
Second, the transfer of quantum information requires both a quantum channel and a
classical channel. In the case considered here, the latter is the transmission by Alice of
her measurement result to Bob. Hence, in particular, the transmission cannot be faster
than light. Third, the use of maximally entangled states is necessary. Here we have used
a particular one but one can use any, on the sole condition that it is maximally entangled.
It can indeed be shown that the use of entangled, but not maximally entangled states,
alters the fidelity of the transmission [22].

Finally, let us note that quantum teleportation has important applications in quantum
computing. For instance, it allows to transfer – in principle perfectly – any quantum
information contained in a processor to another processor or to a memory. As discussed
above, the teleportation protocol does not require that the qubits A, M , and B be of the
same physical nature. This allows to transfer information between different platforms,
hence creating so-called interconnects. This is particularly useful with a view towards
implementation of complex quantum protocols by distributing each task on the most
appropriate architecture. For instance, cold ion traps are efficient to realize one and two
qubits gates, but are prone to decoherence. Conversely, photons are not well adapted to
the implementation of two-qubit gates but are easier to isolate from their environment, and
therefore less prone to decoherence. Using teleportation, we may then perform calculations
on ionic qubits and then store the information on photonic qubits. The information stored
in the photonic qubits can then be transferred back to the ionic qubits at any time to
perform further calculations.

3.2 Experimental demonstrations

The first experimental realization of quantum teleportation used photonic systems [23]. It
was, however, incomplete because the reconstruction process could not be implemented.
Complete quantum teleportation was first demonstrated in ion traps [24,25].
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A Exercises

A.1 Bell inequalities

1. Consider the EPR state

|EPR〉 =
|↑〉A ⊗ |↓〉B − |↓〉A ⊗ |↑〉B√

2
. (38)

(a) We recall that the eigenstates of the spin operator along the axis oriented by
the vector u, characterized by the spherical angles θ and ϕ, read as

| ↑u〉 = + cos(θ/2)e−iϕ/2| ↑z〉+ sin(θ/2)e+iϕ/2| ↓z〉

| ↓u〉 = − sin(θ/2)e−iϕ/2| ↑z〉+ cos(θ/2)e+iϕ/2| ↓z〉
, (39)

see Ref. [26] for instance. Write the two-spin state |EPR〉 in the basis {|εa〉 ⊗
|εb〉} with ε =↑ or ↓. For simplicity, assume ϕA = ϕB.

(b) Conclude that the EPR state reads the same for any quantization axis, provided
the same is used for both particles A and B, see Eq. (22).

2. We aim at deriving the quantum average of the Bell correlator, Eq. (28). Consider
a two-spin system in the EPR state (38) and assume simultaneous measurement of
the spin components σ̂Aa = σ̂A · a and σ̂Bb = σ̂B · b are performed.

(a) What are the possible outcomes and with what probabilities are they found?
You may use the results of exercise 1.

(b) What are the possible results if we measure the spin of only one particle and
with what probabilities are they found?

(c) What is the conditional probability that the measurement on particle B gives
the result +, assuming that the measurement on particle A has given −? Re-
cover this result by applying the wave packet collapse rule.

(d) It is assumed (only here) that a = b. Show that the result of the measurement
of one spin is perfectly determined by that of the other spin. What can be said
about the correlation between the results of these measurements?

(e) Show that the quantity EQ(a, b) = 〈σ̂1aσ̂2b〉 may be written as EQ(a, b) =
−a · b. You may use the probabilities found above.

(f) The vector a being fixed, we consider the situation where the vectors a, b, a′,
and b′ form the same angle θ with the previous vector, see Fig. 2(b). Find the
expression of the Bell correlation function

〈C〉Q = EQ(a, b)− EQ(a, b′) + EQ(a′, b) + EQ(a′, b′) (40)

as a function of the angle θ.
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(g) Find the extrema of the correlation function 〈C〉Q versus θ and show that there
is a conflict between quantum theory and local hidden variable theories.

3. Show that for any product state of the spins A and B, the average value of the
quantum Bell correlator, Eq. (27), fulfills the classical Bell inequality, |〈C〉Q| ≤ 2.
You may use 〈ψ| σ̂ |ψ〉 = ψ, where σ̂ is the vector spin operator and ψ is the Bloch
vector associated to the ket |ψ〉.

A.2 Quantum teleportation

4. Starting from Eq. (35), prove Eq. (36).
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